Abstract: This work shows that kinetic information is not needed to estimate states (compositions) and control continuous stirred tank reactors (CSTRs). An asymptotic observer is developed using reaction invariants to provide on-line estimates of unmeasured compositions. The estimates are used in a feedback controller, based on inventory control theory, to control compositions and reactor temperature. The dynamics of the reaction system are reduced using reaction variants and invariants. The reaction rates are estimated through differentiation of reaction variants, such that no kinetic information is required. An example of a serial reaction in a CSTR illustrates the theoretical results and the performance of the proposed adaptive control approach.
INTRODUCTION
Continuous stirred-tank reactors (CSTRs) are widely used for chemical manufacture. To ensure the quality of the products from a CSTR, the state of the reaction process should be monitored and controlled with necessary instrumentation. However, in practice, on-line composition measurements are expensive and usually only available for a few reactants and products. Hence, so-called state observers are used to provide on-line estimates of unmeasured compositions. Typical Luenberger and Kalman filter based observer require the knowledge of kinetic information (Dochain, 2003) . Model based control approaches that use kinetic information also suffer from this limitation. How to design a kinetic independent on-line estimationcontrol approach for CSTRs is a key challenge in the chemical reactor observation/estimation and control research area, and it is also the main subject of this work.
The concepts of reaction variants and invariants were introduced by Asbjørnsen and co-workers in the early 1970s (Asbjørnsen, 1972; Asbjørnsen and Fjeld, 1970; Fjeld et al., 1974) . The reaction variants define the state variables that are affected by the reactions, and the reaction invariants define the variables that are not influenced by the advancement of the reactions. It was shown that the dynamics of a reaction system with n r independent reactions and n c species could be decomposed into n r variants and n c − n r invariants. The theory was proposed for the purpose of model reduction to ease the analysis of nonlinear reaction system dynamics. Systematic studies on formulating linear and nonlinear mappings to obtain reaction variant and invariant form models have been performed by Srinivasan et al. (1998) and Rodrigues et al. (2015a) .
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Observer models based on reaction invariants are called asymptotic observers because of the asymptotic stability property of reaction invariants, as discussed in Asbjørnsen and Fjeld (1970) . Dochain et al. (Bastin and Dochain, 1990; Dochain et al., 1992) developed such an observer for CSTRs and used it for the on-line estimation of unmeasured compositions. The design of the asymptotic observers in the presence of different energy models with different thermodynamic assumptions was further discussed in Dochain et al. (2009) . A comprehensive review of different types of reactor observers was presented in Dochain (2003) , in which the kinetic model independent property of the asymptotic observer was highlighted through the comparison with other classical observers.
The concept of reaction variants has been applied to control reaction systems. It has been shown that the unstable dynamics of the reaction system can be controlled by controlling the dynamics of reaction variants. Feedback linearizability of the reduced reaction variants model was discussed in Srinivasan et al. (1998) , and corresponding feedback linearization control approach was proposed by Rodrigues et al. (2015b) for reactor temperature control. Passivity-based inventory control was applied by Hoang et al. (2014) for reduced reaction variants control. However, previous control strategies based on the assumption that complete composition information was available through on-line measurements, and in Hoang et al. (2014) , the reaction rate law was required in the controller design. There are also works regarding the control of reaction systems with the integration of the estimates given by the asymptotic observer. In Hoang et al. (2012) and Hoang et al. (2013) , the usage of observer estimates for feedback control is illustrated through the passivity-based inventory control and nonlinear control, respectively; however, unlike the observer, the proposed control schemes in these papers required the knowledge of reaction kinetics.
Inventory control proposed by Farschman et al. (1998) refers to control of extensive variables of a process, such as internal energy, total mass and total molar number of each species. In this way, the approach is also related to the Extensive Variable Control (Georgakis, 1986) . The underlying idea of inventory control is to control the inventories of a process to their set points through choosing values for manipulated variables such that the candidate Lyapunov function decreases. It has been applied to the control of different types of reaction systems (Ruszkowski et al., 2005; Aggarwal et al., 2011; Hoang et al., 2014; Du et al., 2014) , and in this work we use inventory control to control the unstable dynamics of the CSTR.
The paper is organized as follows. In Section 2, we formally define the CSTR estimation and control problem. In Section 3, we present the mole balance and energy balance differential equations for the CSTR, and introduce a linear transformation to transform the model into the reaction variants and invariants form. The proposed online estimation-control approach based on the reaction variants and invariants form model is described in Section 4 and Section 5. The performance of the proposed method is illustrated in Section 6 through the example of a serial reaction. Kinetic parameter identification is performed using the Arrhenius plot method. Finally, in Section 7 we conclude with a summary of the main results and some remarks on possible extensions of this work.
2. PROBLEM STATEMENT Consider a homogeneous liquid phase CSTR with a cooling/heating jacket as shown in Fig. 1 . We are given the chemical constitutes and the stoichiometric matrix for the reaction system , while the reaction kinetics are not known. We are also given the species' thermodynamic properties, such as the molar enthalpy and the heat capacity. Online measurements are available for the temperatures of the reactor and the jacket, and for the compositions of a subset of n r −1 species, where n r is the number of involved independent reactions. The control task is (1) to stabilize the reactor and control all the species to their desired composition set points through manipulating the inlet flows; (2) to control reactor temperature through manipulating the cooling/heating jacket temperature. In order to fulfill the control task, we need to: (1) design an observer to estimate the unmeasured compositions and the reaction rates without using the reaction kinetics; (2) design a control scheme for the composition and reactor temperature control also without using the reaction kinetics.
The estimation-control scheme is shown in Fig. 1 . It shows that some measurements are taken and sent to the observer. The observer uses thermodynamic data and stoichiometry to estimate the rest of the composition measurements and the reaction rates. The estimates and the measurements are then sent to a nonlinear feedback controller.
REACTION VARIANTS AND INVARIANTS
We start from the dynamic model of a well-mixed homogeneous liquid phase CSTR, with n r independent reactions and n c species. The state of the reactor can be described using a vector of the extensive variables, z = (N 1 , N 2 , ..., N nc , U, V ). The dynamic model of the CSTR can be written as follows:
where N ∈ R nc is the vector of the species' mole numbers in the CSTR; N in ∈ R nc is the vector of species' mole numbers in the inlet, and is defined as:
where C in ∈ R nc is the concentration vector for the inlet flow, and the scalar V is the reaction volume; ν ∈ R nc×nr is the stoichiometry matrix, and r ∈ R nr is the reaction rate vector; the scalars F in , F out , and φ represent the inlet and outlet flow rates and the volume change due to mixing and reactions, respectively. In the energy balance (3), the scalars U , H and H in are the total internal energy and enthalpy of the reaction system and the inlet flow, respectively; the scalar Q j is the heat transfer rate between the reactor and the surrounding jacket, modeled as:
where h is the over all heat-transfer coefficient; A is the heat-transfer area, and T and T j are the reactor temperature and the cooling/heating jacket temperature, respectively; W s is the shaft work done to the reaction system, and −P dV dt term is the boundary work done to the system when the reactor volume changes, where P is the vapor pressure of the reactor.
It has been shown in Asbjørnsen (1972) that there exists a non-unique shape preserving linear transformation matrix T ∈ R nc×nc , that transforms the composition states N to the reaction variants M ∈ R nr and the reaction invariants Z ∈ R nc−nr :
The matrix T can be found as:
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One notices that: (1) the effects of n r reactions are decoupled such that one reaction variant M i , i = 1, 2, ...n r is only influenced by the corresponding i th reaction; (2) the reaction invariants Z are not affected by the reaction rates. The asymptotic stability of the reaction invariants follows from the solution to (10) given by:
where Z 0 is the initial condition vector of the reaction invariants. The reaction invariants will converge to > 0, which is fulfilled in CSTRs but not in batch reactors. It can also be noticed that the internal energy U also has the reaction independent property, such that it can also be considered as a reaction invariant.
An illustrative example. Consider a CSTR reaction system characterized by the following reaction network with n r = 2 reactions and n c = 3 species: 2A → B → C. The stoichiometric matrix ν, the linear transformation T, and two variants, i.e. M 1 , M 2 , and one invariant, Z, can be found as follows:
The dynamics of the reaction variants and the invariants are described by (9) and (10).
Under following assumptions: (1) the liquid mixture is ideal, incompressible; (2) the CSTR is operated at equilibrium and constant pressure condition; (3) the volume change due to mixing and reactions is negligible; the energy balance and volume balance can be written as:
Above assumptions are realistic for homogeneous liquid phase reactors (Dochain et al., 2009) , and they are made for the rest of the paper.
4. CONTROL OF CSTRS The problem of controlling species' mole numbers can be reduced to the problem of controlling the dynamics of reaction variants. The dynamics of invariants, which corresponds to the zero-dynamics in a nonlinear control setting, is stable (Hoang et al., 2014) . The reactor temperature control problem is done by controlling the reactor enthalpy. Both of the control designs are based on the inventory control theory.
The desired operation state of the CSTR is described by the set points of the control state variables z * c = (N * T , H * ). For the composition control design, the transformed set points of the variants and invariants are:
Due to the asymptotic stability of the reaction invariants, their convergence to the stationary points Z * :
can be ensured independent of the control strategy design for the variants.
The reactor temperature control is realized through reactor energy control, and here the energy of the reactor is represented by the reactor enthalpy H. However, H is not uniquely defined by the reactor temperature, as it is also a function of the compositions:
(17) So we compute the time varying set point of the reactor total enthalpy in the following manner:
where h(T * ) ∈ R nc is the molar enthalpy vector at the desired temperature.
Inventory control is now applied to control the reaction variants vector M and the total enthalpy H using the positive definite candidate Lyapunov function:
where,
S ∈ R (nr+1)×(nr+1) is a diagonal matrix. To set certain variables in the vector (M, H)
T as the control objectives, the corresponding diagonal entries are set as ones.
We see that W = 0 when x = x * , the set points. So it is sufficient to choose control so that the derivative of W is negative. The inventory control law can be derived from :
K c ∈ {diag(k c,1 , k c,2 , k c,3 , ...k c,nr ), k c,H } is a positive definite gain matrix. With above control law, the closed loop dynamics is exponentially stable. The proof is given as follows.
Proof. Define a positive semi-definite Lyapunov function W as:
The time derivative of W can be written as :
Substitute the terms in the second bracket with R.H.S of (20), then we have:
IFAC DYCOPS-CAB, 2016 June 6-8, 2016. NTNU, Trondheim, Norway where λ min > 0 is the smallest eigenvalue of the positive definite gain matrix K c . It can be shown that, via the above control law, the time derivative of Lyapunov function W (x) is negative as long as the control error is not zero. Hence, the closed-loop dynamics of reaction variants and the total enthalpy with control law (20) is exponentially stable.
The further expressions of the control laws for two control objectives, i.e., reaction variants and reactor enthalpy, can be obtained combing with their respective dynamic (9, 13). They are: (24) where
Using passivity assumption, it is easy to show that any strictly passive feedback controller, such as a PID or MPC type controller, can be also used for stabilization (Li et al., 2010) . Also, with this control design, varying set points can also be tracked.
ESTIMATION OF CSTR COMPOSITIONS AND REACTION RATES

The asymptotic observer
We assume the temperature measurements for the reactor and the jacket, and composition measurements for n r − 1 species are available on-line. The asymptotic observer proposed in this section estimates the compositions for n c − n r + 1 species, without using the reaction kinetics.
The estimated values of the reaction invariantsẐ and total enthalpyĤ are obtained through solving following kinetic independent observer model:
Then, the estimates of the unmeasured compositionsN J ∈ R nc−nr+1 are calculated as:
N I ∈ R nr−1 is the vector of measured compositions; ν ⊥ I and ν ⊥ J are the submatrices of the reaction invariants transformation matrix ν ⊥ in (7), and they are constituted by the corresponding columns of measured and unmeasured species, respectively; h ∈ R nc is the molar enthalpy vector, and h I ∈ R nr−1 , h J ∈ R nc−nr+1 are the vectors of the molar enthalpies of the measured and unmeasured species, respectively. The molar enthalpy of each species is temperature dependent, and can be calculated as:
where h(T ) is the molar enthalpy at the temperature T; h ref is the molar enthalpy at the reference temperature T ref , and c P ∈ R nc is the heat capacity vector, assumed to be constant within the considered temperature range. The asymptotic convergence property of the observer estimates can be shown by analyzing the dynamics of the estimation errors of the unmeasured compositions as follows.
The observer estimate errors are defined as:
e Z = Z −Ẑ e H = H −Ĥ. Based on (10, 13 and 25), the derivatives of e Z and e H can be easily obtained as:
The estimation errors of the invariants exponentially converge to zero with a convergence rate Fout V . The convergence property of the unmeasured compositions estimates can also be shown similarly.
Measurement availability condition
At least n r independent state variables including reactor temperature need to be measured for the observer to give composition estimates for all the unmeasured species. It can be explained as the evolution of the composition states N are constrained in n r independent directions caused by n r independent reactions. Additionally, the matrix Γ should be full rank to obtain the unique solution forN J ; this full rank condition places a restriction on the choice of measured species.
Estimation of reaction rates
The feedforward term resulting from the reaction rate, r, in the control law (23) cannot be used directly since the reaction kinetics might be not known. In this work, we propose to estimate the reaction rate,r, through differentiation of the reaction variants (Rodrigues et al., 2015b) . Using backward Euler method, we get:
Then the estimate of the reaction rate for the next sampling time step is approximated as : r(t i ) ≈r(t i−1 ) (31) The reaction rate vector in the control law (23) is then replaced by the estimate,r. This results in a feedback control strategy that does not rely on kinetics.
ILLUSTRATIVE EXAMPLE AND SIMULATION RESULTS
We illustrate the performance of the proposed design using the reaction example: 2A → B → C , previously discussed in Section 3. The reaction rates in the simulation follow the mass-action principle:
with the Arrhenius law:
IFAC DYCOPS-CAB, 2016 June 6-8, 2016 After taking the natural logarithm of (34, 35), we have:
Then, the so-called Arrhenius plot can be obtained and it shows the linear relationship between ln k and 1 T . The value of the y-intercept corresponds to ln k 0 , and the value of the slope corresponds to − Ea R . The thermodynamic and kinetic parameters used in the simulation are summarized in Table 1 . 1.1 × 10 −3 m 3 /(mols) reaction constant for reaction 2 (k 0,2 ) 5166s −1 activation energy for reaction 1 (E a,1 ) 2.09 × 10 4 J/mol activation energy for reaction 2 (E a,2 ) 4.18 × 10 4 J/mol heat transfer coefficient (h) 5 × 10 3 J/(sm 2 K) heat transfer area (A) 0.7m 2 reactor volume (V) 0.1m 3 gas constant (R)
The reactor temperature, the jacket temperature and the mole number of the reactant A are measured on-line. White noise (σ = 0.1 for N A , σ = 0.2 for T ) is added to the simulated values, and a first order filter is used to filter out the measurement noise. The estimation objective is to estimate the mole numbers of B and C, the reactor enthalpy, and the reaction rates of the two reactions. The control objective is to control the mole numbers of all the three species at their set points through manipulating the flow rate (F = F in = F out ), and the inlet compositions of A (N A,in ) and B (N B,in ), and to control the reactor temperature through the cooling jacket temperature (T j ). The variants and invariants that are constructed for the controller and observer design can be found in (12).
The observer estimates profiles of N B , N C and the closedloop dynamics of all species' mole numbers are shown in Fig. 2 . The asymptotic convergence of the observer estimates is illustrated. The observer starts with a set of wrong initial conditions, while the estimates converge to the true composition trajectories asymptotically. Also the composition profiles of all the species show that the compositions reach the desired set points, and track the step changes of the set points at t = 600s. The reactor temperature control performance is also shown in Fig. 2 . The proportional control gains are k c,1 = 0.01, k c,2 = 0.05, k c,H = 0.05. The profiles of the manipulated variables are shown in Fig. 4 . The reactor temperature control is realized through controlling the reactor total enthalpy, of which set point is time-varying. The tracking performance of the timevarying set point is shown in Fig. 3 . The estimates of the reaction rates are compared with the true simulated reaction rates in Fig. 5 . The fitted Arrhenius curves are obtained using linear regression, and are compared with the curves obtained from simulation in Fig. 6 . The estimates of the activation energies and the pre-exponential factors of the two reactions can be determined from the fitted lines. 7. CONCLUSIONS This work has addressed the possibility for adaptive control of CSTR reaction systems without using reaction kinetics information. To solve this problem, an asymptotic observer is used and integrated with inventory control. The reaction rate is estimated through differentiation of reaction variants. The reaction dynamics is decomposed to the reaction variants and invariants parts. Inventory control is used to control the reaction variants. The control of reaction invariants is accomplished through designing their global asymptotic steady state points. In this way, the dimension of the dynamics that need to be stabilized with control actions decreases by n c − n r . This feature would ease the control design for complex reaction systems where many species are involved and need to be controlled. Inventory control is also used to control the reactor total enthalpy for the reactor temperature control purpose. The identification of kinetic parameter using the Arrhenius plot is shown as an application example. An meaningful extension on this work is to develop similar kinetic independent control and estimation strategies for semi-batch and batch reactors and complex reaction systems, such as polymerization reactions described by population balance. 
